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Mathematical objects

* 
Numbers

Number is a key concept in this Situation. Focus 1 states that a commonly used exponent rule xm ( xn = xm+n is true only when x is a positive number. Additionally, the rule applies only if m and n are real numbers. There is also mention in Focus 1 of natural numbers. Focus 2 and 3 contain the topic of number as well, specifically reals, rationals, integers, negative numbers, imaginary numbers, even numbers, odd numbers, positive integers, a “non-zero rational number with an odd denominator,” and irrationals. Teachers must have a firm handle on each of these sets of numbers—not just what is contained in each set, but why a number in a particular set leads to interesting (and sometimes problematic) results with exponents.

* 
Shapes

The graph in Focus 2 suggests a shape: for example, there is symmetry, and each “branch” of the function can be thought of as having concavity.

* 
Expressions

The expressions that occur frequently in this Situation, not surprisingly, are those involving exponents. See “Symbolic [Representation]” below.

* 
Equations
Equations do come up in this Situation (most notably the one introduced in the Prompt: xm ( xn = xm+n), but perhaps more significant are the inequalities which appear. Specifically, inequalities involving zero play a key role in this Situation because distinguishing between positive and negative values of a base and its exponent is critical in identifying the domain of that term (see “Domain” below).

* 
Patterns

Perhaps the teacher in this Prompt had patterns in mind when giving the instructions. The goal may have been to have students notice the pattern that occurs when listing the positive rational ordered pairs (m,n) that make the equation, m + n = 5, true. But regardless of the teacher’s intent, patterns play a part in this Situation. One pattern is seen in the table and accompanying graph in Focus 2 showing the value of (-2)m for several rational values of m. The table and graph both suggest that (-2)m is not continuous, and that its value alternates between positive and negative. The ability to construct a table and graph in such a way as to highlight these kinds of patterns is important for teachers to have.

* 
Functions

Though the word “function” is not mentioned, functions are underlying some of the discussion in this Situation. For example, the table and graph in Focus 2 both represent the function f(m) = (-2)m for certain values of m. Teachers should realize first of all that this is a function, and beyond that they should understand certain characteristics of the function. For example, teachers should recognize not only that it is discontinuous and alternates between positive and negative, but why this is so. Other noteworthy characteristics are the horizontal asymptote at y = o, and the y-intercept of 1.

* 
Formulas

This Situation gives the opportunity for a concentrated look at the often accepted “formula” xm ( xn = xm+n and provides analysis for why it is only sometimes true. However, even though it has limitations, the equation is an important one for teachers to know and understand.
* 
Domains

Domain may be the single most important concept in this Situation. Discussions of number and pattern find their root in the notion of domain: recognizing it, defining it, and extending it. The decision about the domain of xm determines what values x and m can take on. Consideration of domain (including the need to define it, possibilities for extending it, etc.) is an integral part of the mathematical knowledge that teachers should have.

* 
Operations

The primary operation in this Situation is that of exponentiation. Teachers would benefit from a deep understanding of exponentiation, including several ways to interpret and explain it. For example, the idea that an exponent represents repeated multiplication is inadequate if the exponent is not a natural number. 

* 
Transformations

* 
Sets

This Situation contains sets of numbers (see “Number” above) and sets of points (Focus 2). The set of points depicted in the graph in Focus 2 is an important one because it results from the function f(m) = (-2)m. That is, the graph suggests all the ordered pairs (points) (m, f(m)) that make the equation f(m) = (-2)m true. Understanding the graph of a function as a set of ordered pairs is a helpful bit of understanding for teachers to have.

Representations including the use of technology 

* 
Verbal

If a teacher were to represent exponents verbally, the explanation might include various ways of describing exponents (beyond repeated multiplication—see “Operations” above). A thorough explanation may also include verbal examples of “real world” situations in which exponents are prominent (investment, population growth, radioactive decay, etc.)

* 
Numerical

A numerical representation of (-2)m plays an important role in this Situation, as is seen in the tables in Focus 2. Teachers would benefit from being confident in this type of representation and being able to investigate the numerical representation of a wide range of bases and their exponents (including values from different sets of numbers: positive, negative, integer, rational, etc.)

* 
Algebraic

This Situation employs algebraic representation, especially in terms of notation (see “Symbolic” below), to discuss exponents. For better or worse, school mathematics focuses heavily on algebra, requiring teachers to have good understanding of the algebraic representation of many mathematical concepts. 

* 
Geometric

* 
Graphical displays

The graph in Focus 2 is central to this Situation because of the nature of this type of representation: graphs communicate ideas that are difficult to grasp without the visual help they provide. This graph provides opportunity for visualization by showing the patterns that arise (see “Patterns” above) when various values of m are substituted into (-2)m. Graphical representations are an important element in any teacher’s “toolkit” because of how helpful and powerful they can be in terms of visualization.

* 
Models and Diagrams

* 
Symbolic (including variables and notation)

Notation is used in this Situation to indicate a base and its exponent (this occurs throughout the Situation), an ordered pair (Focus 1), an absolute value (Focus 1), a square root (Focus 1), a fifth root (Focus 3), and membership in a set (Focus 3). Teachers ought to be able to use and understand such notation for the sake of precision and communication.

Statements

· Examples

The choice of examples plays a key role in this Situation. Specifically, the decision was made in Focus 2 to use a base of -2. This serves as a good example because it is a negative number (this is necessary because values of x less than 0 are being examined), which is relatively small, and an integer, so that it is manageable in terms of calculation and understanding. Teachers face the challenge of having to create or choose examples that get at the mathematics they are seeking to communicate to their students. This kind of thinking “on the fly” requires knowledge of what makes a good example, and what doesn’t. In terms of this Situation, a choice of -1 instead of -2 (meaning the function would be f(m) = (-1)m) would have given completely different results—results that would have highlighted certain aspects of exponentiation of negative numbers (such as the alternating between positive and negative), but would have neglected others (such as the suggestion of a curve which appears in the graph of f(m) = (-2)m).

· Nonexamples

· Definitions (multiple)

Though definitions of terms are not explicitly stated, a teacher’s knowledge in this Situation could include definitions of the various kinds of numbers mentioned in “Numbers” above. The Situation does include defining domains, which is “definition” in another sense.

· Language (precise and imprecise)

Mathematical language appears throughout this Situation in phrases such as “domains of the variables,” “other number systems,” “not a real number,” “new domains” (Commentary), “infinitely many solutions” (Focus 1), “raised to a negative power,” “in lowest terms,” “lies outside these domains” (Focus 2), “subsets of the reals,” and “non-zero rational number” (Focus 3). Teachers would certainly benefit from knowing these words/phrases in their mathematical and nonmathematical context, and (if there is a connection) the connection between the two.

· Mathematical problem statements

· Conjectures

· Theorems, axioms, postulates

· Converse, inverse, contrapositive

There are many “if-then” statements in this Situation, bringing to the forefront the importance on understanding converse, inverse, and contrapositive (including which of these follows from a statement and which does not). The first “if-then” statements appears in Focus 1: “If the values of m and n are restricted to natural (counting) numbers, then there is a finite number of solutions for (m,n)…” This statement is immediately followed by the inverse: “If m and n are not restricted to the natural numbers, then there are infinitely many solutions…” This is an example of a statement and its inverse that are both true, but of course this isn’t always the case. The truth value of the contrapositive comes into play in this Situation, as statement (d) in Focus 3 is the contrapositive of statement (c) in Focus 2, and both are true.

· Rules of logic

See “Converse, inverse, contrapositive” above.

· Questions

· Conclusions

This Situation as a whole can be thought of as a conclusion to the problem posed by the student in the Prompt: “Can we write them all down? I keep thinking of more.” The conclusion: it depends on the domain. In some cases the answer is “Yes, we can write them all down” (restricting m and n to natural numbers), and the others the answer is “No, because there are infinitely many solutions” (see Focus 1). A teacher would benefit not only from knowing all that is involved in arriving at this conclusion, but also in having the insight to know if and when a conclusion has been reached, even if the conclusion is “it depends.” Knowing on what the answer depends is key.

· Conditions, assumptions, constraints

Where these factors come up in this Situation is in the discussion of domain. At the center of the whole Situation is the importance of recognizing the conditions, stating the assumptions, and noting the constraints.

· Cases: special, exhaustive set

One mathematical concept that becomes vividly clear in this Situation is that the exponent rule so commonly used in school mathematics, xm ( xn = xm+n, is really only a special case. This is not to say that the rule isn’t useful, because of course it is, but a teacher would do well to have a heightened sense of whether rules such as this apply generally, or just in certain cases. An example of an exhaustive set occurs in Focus 1 in which all the natural number solutions for (m,n) are listed. Other examples of exhaustive cases appear in Focus 2 and 3: Focus 2 gives an if-then statement for every real value of x (positive, zero, negative), and Focus 3 does a similar thing for m.

· Counterexamples

Counterexamples are important here because depending on what examples are provided, one might conclude that xm ( xn = xm+n is true for all values of x, m, and n. It is necessary for the teacher to quickly think of a counterexample (such as x = -2 and m = ½) in order to emphasize the need to specify domains.

Procedures

· Algorithms

· Strategies

Many strategies are evident in this Situation. One is to try various numbers in an equation to see if it works (as the student in the Prompt seemed to do). Presumably this is a strategy that a teacher should be familiar with since it is the task assigned to the students in the Prompt. Another strategy is to try to find numbers that do not work in an equation, which is a good strategy for producing counterexamples or nonexamples. A third strategy employed in this Situation is making a table and graph with a certain set of values. This is a good strategy for gathering data and visualizing it.

· Conventional practices

Focus 2 alludes to a convention involving the Binomial Theorem in which 00 is defined as 1. Other familiar conventions involve notation, such as using superscripts for exponents. It is important for teachers to be familiar with these conventions, of course, but it is also important that they recognize them as conventions so that, for example, they can distinguish between a convention and a rule or definition. 

· Informal reasoning

· Inductive arguments

· Deductive arguments

· Exhaustive arguments

See “Cases: exhaustive set” above.

· Various types of proof

Connections

· Outside mathematics

Though not present in the Foci of this Situation, the topic of exponents has many connections inside and outside mathematics:

· real world

Teachers would benefit from knowing a wide variety of settings in which exponents occur: exponential functions in finance, population, etc.; data which can be fit to an exponential (or logarithmic) curve, etc. 

· other disciplines

Certainly science is a prime candidate for making connections across disciplines: biology deals with exponential growth of population, chemistry involves exponential decay of radioactive materials, physical/earth science looks at earthquakes which are measured on the Richter scale (a logarithmic scale). Another subject area is business, which is concerned with investment growth, etc. 

· history and culture—development of mathematical ideas

· Inside mathematics

· studied earlier

Students faced with a task such as the one in this Prompt have likely encountered exponents before, but they may not have much experience considering domains. A teacher would need to know what knowledge the students have and don’t have before discussing exponent rules.

· studied alongside

Along with this particular exponent rule, students will likely be studying other rules of exponents. A discussion similar to the one in this Situation (i.e. a discussion of domain) would be very valuable to have in the context of all the common exponent rules.

· studied later

What typically follows a study of exponents is a study of logarithms. A firm understanding of issues of domain which arise when considering exponents and exponentiation will carry well into the realm of logarithms, assuming a teacher has a good handle on the connection between exponents and logarithms. A good foundation in exponents is key. 
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